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Abstract

Recently Strachanintroduceda Moyal algebraic deformationof selfdual gravity,
replacinga Poissonbracketof thePlebanskiequationby a Moyal bracket.The dressing
operatormethod in soliton theorycanbe extendedto this Moyal algebraicdeformation
of selfdual gravity. Dressingoperatorsare definedas Laurentserieswith coefficients
in the Moyal (or starproduct)algebra,and turn out to satisfy a factorizationrelation
similar to the caseof the KP and Todahierarchies.It is a ioop algebraof the Moyal
algebra (i.e., of a W~ algebra)and an associatedloop group that characterizethis
factorizationrelation.The nonlinearproblemis linearizedon this loopgroup and turns
out to be integrable.
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1. Introduction

The notion of Moyal algebras [1] is a kind of quantum deformationof
Poissonalgebras.Sincethe endof the eighties,therehasbeenrenewedinterest
in thesealgebras.This is becausein two dimensions,they give an explicit real-
ization of the two types of W-infinity algebras—quantum(W~,)and classical
(w~)algebras.it is now widely recognizedthat W-infinity algebrasof both
typesaredeeply linked with integrability of nonlinearsystems.
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A numberof integrablesystemsarenow known to be relatedto tv~~algebras.
Even within the context of field theory, one can pick out severalimportant
examplessuch as: the dispersionlessKP hierarchy [2—4], the SU(c,c) Toda
field theory [5—7], its hierarchy (the dispersionlessToda hierarchy) [8,9],
the selfdual vacuum Einstein equation (selfdual gravity) [10—13], etc. In
these integrable systems,~ algebrasare realized as the Poisson algebra
Poisson(X) or the algebra sdiff(2) of area-preservingdiffeomorphismson a
two dimensionalsurfaceX. Penrose’stwistor theory [14] providesa unified
framework for understandingintegrability of thesesystems.

One may naturally ask if these integrable systemsof w~type have any
integrabledeformationassociatedwith a W~algebra. The dispersionlessKP
and Toda hierarchiesdo have such a W~analogue, i.e., the ordinary KP
and Toda hierarchies,which are of course integrable. A W~analogue of
selfdualgravity wasrecently proposedby Strachan[15] as a Moyal algebraic
deformationof the selfdualvacuumEinsteinequation.The problemof proving
its integrability, however, remainsobscure.

In this paper, we consider this integrability problem by meansof soliton
theoretical techniquesrather than of twistor theory. In soliton theory, the
notion of “dressingoperators”plays a centralrole. Our strategyis to construct
dressing operators for Strachan’sdeformation of selfdual gravity. We will

then derive a “factorization relation” that connectsthosedressingoperators
with their “initial values” on a two dimensionalsubspaceof space—time.This
technique is borrowed from a similar approachto the KP hierarchy [161
and the Toda hierarchy [17], and as in those cases,we can thereby show
that the nonlinearproblem is convertedinto a linear problem on an infinite
dimensionalgroup.

2. Plebanski equation and Moyal algebraic deformation

Let usrecall that the Plebanskiequation [18]

{Q,p,Q,q}PB _=Qpj3Qq~ _Q,p~Q,qjj = 1, (1)

where Q is an unknown function (Kähler potential) of suitable space—time
coordinates(p,q,j3,~),gives a local expressionof selfdual vacuumEinstein

spaces.Strachan’sidea [15] is to replacethe Poissonbracket

~F8G OFOG{F, G}PB = —~- —- - —~- —~- (2)
apaq Oqap

by the Moyal bracket

2 h 82 92{F,G}MB = ~sinh [~~ - 8~3~,)]~ (3)
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[This definition is somewhatunusual,but reproducesthe ordinary Moyal
bracketif one replacesh —~ ill. This is harmless,because11 in this note is just
a formal parameter.This substitution rule h —~ i/i appliesto all formulas in
the following.] The deformedequation

{Q,p,Q,q}MB = 1 (4)

reducesto Eq. (1) in the quasi-classical(h —* 0) limit.

3. Twistor functionsandLax formalism

Integrability of selfdualgravity is relatedto the existenceof auxiliary vari-
ables,socalled “twistor functions” [191 They arefunctionsof both space—time
coordinatesanda “spectralparameter”)~,anddefinea correspondencebetween
the space—timeand the twistor space.For local analysisof selfdual gravity,
it is sufficient to considerfour such functionsU,V,C1,’l) [10,11]. They have
Laurentseriesexpansion

DC DC

U = )p + ~ V = )~q+

DC DC

u =~3+ ~ V = ~+ >.1:~)~A.n, (5)

andsatisfythe “Lax equations”

OU 10Q ) OU 1012 ~—+,~<-——,u~=0, —+,~——,U~ =0,
Op ~0p JPB Oq ~8q JPB

(sameequationswith U replacedby V,Ü,1’)... (6)

and the “canonicalPoissonrelations”

{U,V}PB = {I~J’}PB = 1. (7)

The Plebanskiequation, (1), gives the Frobenius integrability condition of
theseequations.These equationscan further be convertedinto the 2-form
equation

dUAdV=dl.~Ad1), (8)

which is a clue for understandingvarious aspectsof integrability of selfdual
gravity [10,11,19,20].

It is easy to see how these auxiliary variables can be extendedto the
deformedequation.Moyal algebraiccounterpartsof U, V,I~’,~‘, say U, V, U, fz,
will be givenby Laurent seriesof the form
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DC DC

U = ~p + ~ V = ~q +
n=O n=O

DC DC

T=~3~~j~fl, ‘=~+~v~)~ (9)

with h-dependentcoefficientsthat havesmoothh —~ 0 limit as

~ = ~ + 0(h), etc .... (10)

The Moyal algebraicversionof the Lax equationswill be given by

OLT 1012 ) OU (012 ‘1
= 0, +~ ~ = 0,

L8P JMB Oq L0~ )MB

(sameequationswith U replacedby V, U, V).... (11)

ThecanonicalPoissonrelationswill be replacedby the “canonicalcommutation
relations”

{U,V}MB = {U,J~’}MB = 1. (12)

Onecanindeedshowthat the deformedPlebanskiequation,(4), becomesthe
Frobeniusintegrabilityconditionof theseequations.Obviously,theseequations
reduceto the previousequationsin the quasi-classical(h —~ 0) limit.

4. Comparisonwith KP anddispersionlessKP hierarchies

It will be instructive to comparethe presentsituation with the relation
betweenthe KP hierarchyand its quasi-classicallimit (the dispersionlessKP
hierarchy) [2—4].The Lax formalism of the KP hierarchyconsistsof a set of
Lax equationsfor a canonicalconjugatepair of pseudo-differentialoperators
L and M, [L, M] = 1. In the quasi-classicallimit, L and M are replaced
by acanonical conjugatepair of functions £ andM, {r,M} = 1, on a two
dimensionalphasespacewith a Poissonbracket { , }. They satisfy a set of
quasi-classicalLax equationsin which the commutatorof pseudo-differential
operatorsis replaced by the Poisson bracket. Thus the Lax formalism of
the Plebanskiequationis almost parallel to the dispersionlessKP hierarchy,
both being relatedto a Poissonalgebra.We expect a similar correspondence
betweenthe Lax formalism of the Moyal algebraicPlebanskiequationandthe
KP hierarchy.

To makethis analogymoreprecise,let us recall that the Moyal bracketcan
be expressedas a (normalized)commutator

2{F,G}MB=~(F*G—G*F) (13)
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of the starproduct [1]

/ 82 82 \ - -,

F*G=exP[_~ — - ) F(p,q)G(p,q)~.,..,.. (14)
2 OpOq’ OqOp’ ~ _p,q -q

The starproduct is associativeand non-commutative,and in fact coincides
with the compositionrule of (pseudo)differentialoperatorsin “Weyl order-
ing” (hencegives a realizationof WDC algebra).Hoppe et al. [21] use this
associativealgebraicstructurebehind the Moyal bracket to study a family of
integrablesystemsrelated to Moyal algebras.Although those integrablesys-
temsaredifferentfrom ours,this is very suggestive.In our case,basicbuilding
blocks of the theory are Laurent serieswith coefficientsin the Moyal algebra,
which form a loop algebra of the Moyal algebra. The starproduct can be
extendedto this loop algebraas

(Fr) * (Gtm) = F * G)L~~m (15)

anddefinesan associativealgebraicstructure.In the caseof the KP hierarchy,
the samerole is played by pseudo-differentialoperators,which also form an
associativeandnon-commutativealgebra.

5. Dressingoperators

These observationsindicate us what a dressingoperatorapproachto the
Moyal algebraicPlebanskiequationlooks like. Thedressingoperatorof the KP
hierarchyis a pseudo-differentialoperatorof the form W = 1 + w

1(0/Ox)—’ +
Dressing operatorsof the Moyal algebraic Plebanskiequationshould be

Laurent seriesof ,~with coefficientsin the Moyal algebra.
More specifically,we needtwo dressingoperators,say W andW to express

the two different typesof Lax operators(U, V) and (U, t’) in a dressingform,

U=W*(j5+p,~)*W’, V=W*(~+q,~)*W’,

U = W~13~W’, V = W*t~*W~. (16)

This is rathersimilar to the Toda hierarchy,andonewill thereforeinfer that

thesedressingrelationscan be satisfiedby Laurent seriesof the form

w = ~ w0 ~ 0,

= 1 + ~ r~,= —12/h (17)

with coefficients dependingon /1 and (p,q,j3,c~).This is, however, not yet
enough if we take into accountthe requirementthat the coefficients u,~,etc.
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of the Lax operatorsbehavesmoothly in the limit of h —~ 0 as shown in (10).

This requirementis fulfilled if W and r~1~’are written

W = exp~h’A(h,p,q,~,~,A), A =

= exp~h’A(h,p,q,~,A), A = ~ (18)

with coefficientsa~andà~that havesmoothlimit as h —~ 0. If we selectthese
dressingoperatorsappropriately,the Lax equationscanbe convertedinto the
evolutionequations

OW OQ -

= —A--—— * W + W * qA,op Op
OW 812

= —A-——* W — W*pA,Oq Oq

OW 7 812 1 2~ -

h-a-— = (\—2-a--— — ~qA) * W,

OW 812 -

= (_A-a.~+ ~PA2) * W (19)

of the dressingoperators.This is quite parallel to the dressingoperatorformal-
ism of the KP andTodahierarchies,apartfrom the strangeextraterms qA2/2

andpA2/2. Theseextratermsoriginate in non-commutativityof the two flows
(p-flow andq-flow) as we shall see later.

6. Factorization relation in WDC loop group

We can now apply the factorizationtechniquefor the KP andToda hier-
archies [16,17] to our problem. Consequently,it turns out that the dressing
operatorsand their “initial values” U~= WIpqo and I4~= ~ are
connectedby the factorizationrelation

W’*1I/=e(p,q)*~*l’V~~. (20)

The boostoperatore(p, q) of time evolution is given by

e(p,q) = exp~[h’(—p~A+ qj3A)], (21)

whereexp~is the starexponential,

exp~F = 1 + ~ ~F * ... * F (n-fold product). (22)
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This factorizationrelation may be understoodas an integratedform of Eq.
(19). If, conversely,onecan solve thisrelation for a given initial data, W and
W automaticallysatisfy Eq. (19) hencegive rise to a solution of the Moyal
algebraicPlebanskiequation.

Solvability of thisfactorizationproblemis ensured,atleastin a neighborhood
of (p, q) = (0,0), by the following reasoning.The set of Laurentseriesof the
form h’A + h’A, whereA andA areas in Eq. (18), is closedunder the star
productcommutator,thereforegivesa Lie algebra~ with anaturaldirect sum
decompositioninto two Lie subalgebras,

1’ 1’ 1’ ~—14 1’ ~14 1’

= ~ 51>~, ft J1 E y<o, ri ~i E
This inducesa decompositionat the group level,

expQ = expg<0•expg>,, (24)

at least in a neighborhoodof the identity element.Thus, given initial data
~ exp~<0and l~ e expg>,, one can find two factors W e expg<0 and

e expg>, that satisfythe factorizationrelation.
The Lie algebra~ is akind of loop algebraof the Moyal algebra (henceof

a WDC algebra).This gives a quantumdeformationof a similar loop algebra
of the Poisson algebra (i.e., of a WDC algebra) in the ordinary Plebanski
equation [10,11]. As we have seen, it is this loop algebra rather than the
Moyal algebraitself that characterizesdiversehidden structuresof the Moyal
algebraicPlebanskiequation.

Eq. (19) can now be interpretedas integrableflows on the direct product
group exp~ x expç~7>,.As Mulase describedimpressivelyin the caseof the
KP hierarchy [16], the factorizationrelation now works as a machinerythat
links the nonlinearworld (the left handside) with the linear world (the right
handside) in which the flows are “linearized” into the left actionof e(p,q).
Furthermore,the two flows arenon-commutative,becausethe two termsin the
starexponentialof e(p,q) do not commutewith respectto the starproduct.
To be more specific,e(p,q) canbe factorizedas

exp~[h’(—p~A+qj3A)] =exp[h’(—pt~A—~pqA
2)]*exp[h’qj.U]

= exp[h’(qj3A + ~pqA2)]*exp[—h’p~A],(25)

andtherebysatisfiesan unusualdifferentiationformula:

= (—~A—~qA2)*e(p,q),
De(pq) = (~A+~pA2)*e(p,q). (26)

This is the origin of the extra termspA2/2 andqA2/2 in Eq. (19).
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7. Conclusion

We havethus seenthat the dressingoperatormethod in soliton theory can
be extendedto the Moyal algebraic Plebanskiequation.Dressing operators
are definedas Laurent serieswith coefficients in the Moyal (or starproduct)
algebra, and turn out to satisfy a factorizationrelation similar to the caseof
the KP andTodahierarchies.It is a loop algebraof the Moyal algebra (i.e., of
a WDC algebra)andan associatedloop groupthat characterizethisfactorization
relation. The nonlinearproblemis linearizedon thisloop group andturns out
to be integrable.

We adda few comments.
1. A hierarchyof higher flows can be constructedas in the caseof the KP

andToda hierarchies.One set of such flows are parametrizedby two series
of variablesp~,q~,n = 1,2,... (p, = p, q, = q) and generatedby the star
exponential

DC DC

e(p,,p2,...,q,,q2,...)= exp~[h’ (_~P~~A0+ ~qn~An)] (27)

insteadof the previouse(p,q). Anotherset of flows with variablesi
3,~,~, n =

1, 2,..., which resemblethe “negativeflows” of the Toda hierarchy,are gen-
eratedby insertingasimilar starexponential(but replacingA~—~ A’~)to the
right sideof l4~’* J4~in Eq. (20). The resultsof this papercan be extended
straightforwardto thesehigherflows.

2. The factorizationrelation can also be usedto constructa large set of
symmetries(WDC symmetries).Thesesymmetriesaregeneratedby the action
of astarproductloop groupelementfrom theleft or right sideof l4~’* 1f~FI. The
aforementionedhierarchyof higherflows is just a subsetof thesesymmetries.In

the quasi-classical(h —~ 0) limit, thesesymmetriesreproduceu~symmetries
of the Plebanskiequation[10,11].

3. The Plebanskiequationis interpretatedas the equationof motion of a
physicalstatein N = 2 stringtheory [22]. Can we find a similar interpretation

of the Moyal algebraicdeformation?
4. It is also quite straightforwardto extend our results to higher (2k,

k = 1,2,...) dimensionalMoyal algebras.This leadsto a Moyal algebraic
deformationof hyper-Kählergeometry.Hyper-Kãhlermanifoldsare known to
give targetspacesof supersymmetricsigmamodels [23]. Can we find a similar
applicationof the Moyal algebraicdeformationof hyper-Kählergeometry?
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